A n x n for some unknown coefficients A n , n = 0, 1, 2, ...It took me five years before I found an explicit expression for A n ,namely A 0 = 1 and
for n > 0. How is it possible to find such a complicated formula? Let us first point out that I immediately got an e-mail from Zudilin where he (trivially) simplified the formula to Here it is evident that A n is an integer. But it was found in the complicated form above and here we shall tell the long story how I came to let Maple's "Zeilberger" find the recursion formula for this monster.
Hypergeometric equations.
The first Calabi-Yau differential equations connected to Calabi-Yau manifolds needed in string theory appeared in the 1980-ies in the physics literature. They were of the form
where P (θ) is a polynomial of degree 4. There were 13 of them and I found the 14-th equation while writing the popular paper [1] . It was also found independently by C.Doran and J.Morgan [14] . It is interesting that the same 14 4-tuples of fractions ( like (1/12, 5/12, 7/12, 11/12)) occur in J.Guillera's Ramanujan-like formulas for 1/π 2 (see [14] ). The hypergeometric equations are # 1-14 in [3] called the "Big Table" from now on.
3. Formal definitions. After I had finished writing [1] I found the papers [10] , [11] by Batyrev, van Straten et al. There were another 14 equations (# 15-28 in [3] ) coming from geometry and they were not hypergeometric. What is the common property of these 28 equations?
Definition: A Calabi-Yau differential equation is a 4-th order differential equation with rational coefficients
satisfying the following conditions. 1. It is MUM (Maximal Unipotent Monodromy), i.e. the indicial equation at x = 0 has zero as a root of order 4. It means that there is a Frobenius solution of the following form
It is very useful that Maple's "formal sol" produces the four solutions in exactly this form (though labelled 1 − 4 ) 2. The coefficents of the equation satisfy the identity
which is called the "mirror map". We also construct the "Yukawa coupling" defined by
This can be expanded in a Lambert series
where the n d are called "instanton numbers". For small d the n d are conjectured to count rational curves of degree d on the corresponding Calabi-Yau manifold. Then the third condition is (a) y 0 has integer coefficients (b) q has integer coefficients (c) There is a fixed integer N 0 such that all N 0 n d are integers
Actually it looks as if conditions 1 and 3a,b would imply conditions 2 and 3c. At least we have not found any counter example during six years of search.
Pullbacks of 5-th order equations.
The condition 2 is equivalent to
This means that the six wronskians formed by the four solutions to our Calabi-Yau equation reduce to five. Hence they satisfy a 5-th order differential equation
The condition 2 for the 4-th order equation leads to a corresponding condition for the 5-th order equation
The special equation (coming from number theory, see Zudilin [22] )
satisfies this equation and it is possible to find its 4-th order "pullback" (# 32 in the Big Table) . It has degree 8 since
with large coefficients. We say that two Calabi-Yau equations are equivalent if they have the same instanton numbers. This is the case under the transformation
where
Conversely it is conjectured that equivalence implies the existence of algebraic f (x) and g(x) as above (see [4] ).Yifan Yang ([21] ) suggested a different but equivalent pullback which usually cuts the degree in half. It also has a symmetry reducing the number of coefficient another 50% (see [6] , [7] )..It depends on the following. Let
Then we have the following identity, "The double wronskian is almost the square"
(for a proof see [6] an equation not found in the computer search mentioned in the introduction because the numbers are too big. But unfortunately 5-th order differential equations satisfying 2 5 are rare (except the ones constructed from known 4-th order C-Y equations). In [7] they are listed. In the new edition of the Big Table there 4. Using Maple for finding and factoring differential equations. Using Maple's "Zeilberger" is the best way to find Calabi-Yau differential equations coming from simple sums of products of binomial coefficients.
Example: #15. Consider the sum
Then Maple finds the recursion formula for A n . Here
Maple finds the recursion of lowest order (degree in N ), say
Converting to a differential operator we find
But this is not always the case. Example: #22. Consider the sum
This will give a differential equation L of degree 6 which can be factored in Maple. Observe that first we have to convert the differential equation so that θ is replaced by #354 c 0 (n) = (n + 1)(7n + 12)(n + 3)
We have also found three cases where we have an irreducible factor of degree four. #251 c 0 (n) = (441n 4 + 3780n 3 + 11634n 2 + 15207n + 7202)(n + 4)
There is also a case with an reducible factor of degree 3 #235 c 0 (n) = (5n + 9)(6n 2 + 22n + 19)(n + 4) 4 
Multiple sums of binomial coefficients.
There is a "MultiZeilberger" but it is too slow to be of any practical use. So we use "brute force" instead. Let us take an Example. #349. Let
Assume that the annihilating differential equation is A n x n in Ly we get 70 linear equations which is solved in a few seconds on a laptop. #349 is the only known case where we really need coefficients of degree 12.
6. Hadamard products. If
c n x n are two D-finite (i.e. satisfying differential equations with polynomial coefficients) power series, then the Hadamard product
is also D-finite. It was suggested by Duco van Straten that if u and v satisfied "nice" second order equations then u * v could satisfy a Calabi-Yau equation. This was indeed the case for the following type
with integer a, b, c, a class of differential equations studied by Don Zagier ( [21] ). There are 10 such equations listed as (a),(b),..,(j) in [2] . There are also 10 third order equations
suitable for Hadamard products with e.g.
2n n 2 giving 5-th order equations. There are relations between the coefficients a, b, c and a, b, c described in [4] There are many equivalences between the various Hadamard products. All this treated in [4] .
The mirror at infinity.
There are many Calabi-Yau equations ending with a term cx p (θ + 1) 4 . For all these equations there is a "mirror at infinity" obtained by the transformation θ −→ −θ − 1 and x −→ ax −1 for a suitable constant a. E. Rödland did this for # 27 in [19] . Example. # 193. We have We make the substitutions θ −→ −θ − 1 and
which is #198. In this case we also know a formula for the coefficients
which is rather unusual (11 out of 36 cases). Also equations ending with cx p (2θ + 1) 4 can be treated in a similar way by the substitutions θ −→ −θ − 1/2 and x −→ ax −1 .
8.Harmonic Sums.
At the end of the paper [18] by P.Paule and C.Schneider there is a remark that using "Zeilberger" on
which is identically zero by symmetry, one obtains the same recursion formula as they obtained for
1 j if n ≥ 1 and H n = 0 if n ≤ 0. The recursion gives the differential equation # 27 in the Big Table.
where γ is Euler's constant. Using this we find
In this way 28 equations of type
were found, the last being #360 with
But sometimes it is not enough to take the derivative of "A n ", we also have to sum over negative k.(this was pointed out to me by Christian Krattenthaler). For this we need Lemma 2. Let n be a positive integer. Then
To illustrate this we consider Example #264. Let
Using Lemma 2 we compute
Collecting this we find the derivative of "A n " at −k and the correct formula
We have a family of equations with 
which is nonsense since we cannot sum the infinite sum (maybe PARI can do it?). Indeed let n = 1 in the second sum. Then
where the constant term exactly cancels the value of the first sum. The same occurs when n = 2 and n = 3. So there is still no formula known for A n for # 117. There are 12 other cases (like #243) where taking the derivative with respect to k does not work, but for which there exist other formulas for A n .
9, Empty sums. Example # 133. Consider the sum which we recognize as the Hadamard product A * f (see [2] ). Looking at "A n " we observe that in order to n 3k to be nonzero we need k ≤ n/3. Similarly n 3n−3k is nonzero only for k ≥ 2n/3. So the sum is not only zero, it is also empty. Consider the case k ≤ n/3. Then
which gives
which simplifies to
. This is just a special case of
with the following table
The computations before show that
Replacing 3 by 4 we get
Using Lemma 2 one easily shows
Replacing 4 by 5 we get
We get
for n > 0. For the case B * η we get since B * is multiplication by
n the formula for the coefficient for the third order equation η
the equation mentioned in the Introduction. Finally there is the case #347 with
One of the most intricate cases is #305 with
There one has to have different sums for −k depending on if k < n/2 or k > n/2. See the final result in its full glory in the Big Table. 10. Reflexive polytopes. M.Kreuzer and H.Skarke have classified reflexive polyhedra in four dimensions . They found 473 800 652 of them. For each of them is associated a Laurent polynomial S in four variables Then a solution to a Calabi-Yau differential equation is constructed with coefficients A n =constant term(S n ). We will show the idea with an example in dimension two where there are only 16 reflexive polytopes Example. Consider the polygon with four vertices
with associated Laurent polynom
Using "Zeilberger" we get a differential equation of order six which factors into a huge left factor of order four and a right factor 
Then there are only even terms so we compute
A direct approach by expanding the powers of S and then take the constant term costs a lot of computer time. Here we will eliminate t and thus reducing the computer time by a factor 500-1000. Let
Then we have
To get rid of t we need j = k. It results
To find the equation for
A n x n we need 30 coefficients which are computed in about five minutes on a laptop. Arne Meurman has computed an explicit formula for A n summing over eight indices with complicated summation limits, making it not very useful. 
Here K 0 (x) is a certain Bessel function that conveniently can be defined by
This leads to another representation (in Ising theory)
n! 2 c 5,2n−1 and
The shape of the last term suggests that converting to x = ∞ could give a Calabi-Yau equation. Indeed θ −→ −θ − 1 and x −→ 900x −1 gives the equation
which we recognize as # 34 (found by H.Verrill [19] ) with solution y 0 = It was found by computing 40 coefficients. An explicit formula for the coefficients is unknown. Also # 16 comes from combinatorics, see [16] .
12. Some remarks. Let p be a prime. Expand in base p n = n 0 + n 1 p + n 2 p 2 + ...
Then it is wellknown that
Kira Samol and Duco van Straten have found that a similar congruences (Dwork congruences) are valid for the coefficients A n of most Calabi-Yau equations, namely A n ≡ A n0 A n1 A n2 ... mod p It seems to be valid also for very complicated coefficients, like #264, 274 and also for # 366 where we have no formula for A n . This property is not preserved under equivalence transformations so it is not surprising that it is not valid for some pullbacks of fifth order equations.
Hundreds of binomial identities resulted from the search of Calabi-Yau differential equations. We give only a small sample of the simplest identities 
